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Abstract We present the focal flow sensor. It is an

unactuated, monocular camera that simultaneously ex-

ploits defocus and differential motion to measure a depth

map and a 3D scene velocity field. It does this using an

optical-flow-like, per-pixel linear constraint that relates

image derivatives to depth and velocity. We derive this

constraint, prove its invariance to scene texture, and

prove that it is exactly satisfied only when the sensor’s

blur kernels are Gaussian. We analyze the inherent sen-

sitivity of the focal flow cue, and we build and test a

prototype. Experiments produce useful depth and ve-

locity information for a broader set of aperture configu-

rations, including a simple lens with a pillbox aperture.

Keywords depth · optical flow · defocus · coded

aperture · ego-motion · computational sensing

Computational sensors reduce the data processing

burden of visual sensing tasks by physically manipu-

lating light on its path to a photosensor. They ana-

lyze scenes using vision algorithms, optics, and post-

capture computation that are jointly designed for a

specific task or environment. By optimizing which light

rays are sampled, and by moving some of the computa-

tion from electrical hardware into the optical domain,

computational sensors promise to extend task-specific

artificial vision to new extremes in size, autonomy, and

power consumption [24,14,5,9,15].

This paper presents a computational sensor for si-

multaneous depth and 3D scene velocity. It is called

a focal flow sensor. It is passive and monocular, and
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it measures depth and velocity using a per-pixel lin-

ear constraint composed of spatial and temporal im-

age derivatives. The sensor simultaneously exploits de-

focus and differential motion, and its underlying prin-

ciple is depicted in Figure 1. This figure shows the one-

dimensional image values that would be measured from

a front-parallel, Lambertian scene patch with a sinu-

soidal texture pattern, as it moves relative to a sensor.

If the sensor is a pinhole camera, the patch is always in

focus, and the images captured over time are variously

stretched and shifted versions of the patch’s texture

pattern (Figure 1A). The rates of stretching and shift-

ing together resolve the direction of motion and time

to contact (e.g., using [11]), but they are not sufficient

to explicitly measure depth or velocity. The focal flow

sensor is a real-aperture camera with a finite depth of

field, so in addition to stretching and shifting, its im-

ages exhibit changes in contrast due to defocus (Figure

1B). This additional piece of information resolves depth

and velocity explicitly.

Our main contribution is the derivation of a per-

pixel linear equation,[
Ix Iy (xIx + yIy) ∇2I

]
· v + It = 0,

that relates spatial and temporal image derivatives

to depth and 3D scene velocity, and that is valid for

any generic scene texture. Over an image patch, depth

and velocity are recovered simply by computing partial

derivatives in time (It) and space (Ix, Iy, ∇2I), solv-

ing a 4 × 4 linear system for vector v ∈ R4, and then

evaluating analytic expressions for depth Z(v) and 3D

velocity (Ẋ, Ẏ , Ż)(v) determined by the physical char-

acteristics of the calibrated sensor.

The focal flow cue is distinct from conventional pas-

sive depth cues like stereo and depth from defocus be-

cause it directly measures 3D velocity in addition to
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Fig. 1 The focal 
ow principle. A: When a 1D pinhole camera observes a world plane with sinusoidal texture, the image
is also a sinusoid (black curve). Motion between the camera and scene causes the sinusoidal image to change in frequency
and phase (blue curve), and these two pieces of information reveal time to contact and direction of motion. B: When a finite-
aperture camera images a similar moving scene, the motion additionally induces a change in image amplitude, because the
scene moves in or out of focus. This third piece of information resolves depth and scene velocity. C: We show that, with an
ideal thin lens and Gaussian blur �(r), depth and 3D velocity can be measured through a simple, per-pixel linear constraint,
similar optical flow. The constraint applies to any generic scene texture.

depth. Importantly, it does not require inferences about

disparity or blur; instead, it provides per-pixel depth in

closed form, using a relatively small number of multiply

and add operations. The focal flow sensor might there-

fore be useful for applications, such as micro-robotics [5],

that involve motion and that require visual sensing with

low power consumption and small form factors.

The heart of this paper is devoted to proving that
this linear constraint is invariant to scene texture, that

it exists analytically whenever the optical system’s point

spread functions are Gaussian, and that no other class

of point spread functions—be they discs, binary codes,

or continuous functions—provides the same analytic ca-

pabilities. We also analyze the first order sensitivity of

the focal flow sensor and compare it to those of stereo

and depth from defocus.

In the second part of the paper, we formulate the

patch-based computation of depth and velocity as a

feed-forward computational tree, and we develop tech-

niques for end-to-end calibration that maximize depth

accuracy by simultaneously optimizing the discrete spa-

tial derivative filters and the precise values of the sen-

sor’s relevant optical dimensions. Experimentally, we

find this allows effective depth estimation using point

spread functions that deviate substantially from Gaus-

sians, including those that arise from a simple, bare

lens. We demonstrate a working prototype that can

measure depth within ±6mm over a range of 20cm us-

ing a one-inch lens.

1 Related Work

This paper is an extended version of [1]. It presents

a more general characterization of the allowable point

spread functions by dropping the restriction of radi-

ally symmetric optics. This slightly widens the family

of point spread functions that analytically allow a fo-

cal flow constraint, and it greatly increases the set of

those that do not. This paper also introduces a com-

putational model that supports end-to-end calibration,

which empirically provides a significant improvement in

performance.

Motion & Linear Constraints. Differential optical

flow, which assumes that all images are in focus, is com-

putable from a linear system of equations in a window

[13]. A closely related linear system resolves time to

contact [11,16]. The focal flow equation has a similar

linear form, but it incorporates defocus blur and pro-

vides additional scene information in the form of depth

and 3D velocity. Unlike previous work on time to con-

tact [12], our focal flow analysis is restricted to front-

parallel scene patches, though experimental results sug-

gest that useful depth can be obtained for some slanted

planes as well (see Figure 6).
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Defocus. When many images are collected under a

variety of calibrated camera settings, a search for the

most-in-focus image will yield depth [10]. This approach

is called depth from focus, and it is reliable but ex-

pensive in terms of time and images captured. When

restricted to a few images, none of which are guaran-

teed to be in focus, a depth from defocus algorithm

must be used [23]. This method is more difficult be-

cause the underlying texture is unknown: we cannot

tell if we’re seeing a blurry picture of an oil painting or

the sharp image of a watercolor, and without accurate

image priors both solutions are equally valid. To reduce

ambiguity, most depth from defocus techniques require

at least two exposures with substantially different blur

kernels, controlled by internal camera actuation that

changes the focal length or aperture diaphragm to ma-

nipulate the blur kernel [23,32,25,37]. The speed, ac-

curacy, and complexity of recovering depth depends on

the blur kernels and the statistical image model that is

used for inference. Depth performance improves when

well-designed binary attenuation patterns are included

in the aperture plane [39,17,40], and with appropriate

inference, binary codes can even provide useful depth

from a single exposure [18,36,3].

Focal flow is similar to depth from defocus in that

it relies on focus changes over a small set of images

to reveal depth, and that it requires a specific blur

kernel. However, the implied hardware is different: un-

like multi-shot depth from defocus, our sensor does not

require internal actuation, and unlike binary aperture

codes, it employs a continuous filter.

Differential defocus with Gaussian blur has been

previously considered under changing lens and aperture

conditions [31,32,6]. We build on this work by proving

the uniqueness of the Gaussian filter, and by exploiting

differential motion to avoid camera actuation.

Cue Combination. Our use of relative motion be-

tween scene and sensor means that in many settings,

such as robotics or motion-based interfaces, this cue

comes without an additional power cost. Previous ef-

forts to combine camera/scene motion and defocus cues [20,

7,19,29,22,30,34] require intensive computations, though

they often account for motion blur, which we ignore.

Even when motion is known, equivalent to combining

defocus with stereo, measuring depth still requires search-

ing over a discrete set of depth estimates [26,35]. The

simplicity of focal flow provides an advantage in effi-

ciency.

2 The Focal Flow Constraint

In differential optical flow, a pinhole camera views a

Lambertian object with a temporally constant albedo

pattern, here called texture and denoted T : R2 →
[0,∞). For now the texture is assumed to be differ-

entiable, but this requirement will be relaxed to local

integrability for the derivation of focal flow. For front-

parallel planar objects, located at a time-varying offset

(X,Y ) and depth Z from the pinhole, the camera cap-

tures an all-in-focus image that varies in time t and

pixel location (x, y) over a bounded patch S on a sen-

sor located an axial distance µs from the pinhole. The

intensity of this image P : S × R → [0, 1] is a magni-

fied and translated version of the texture, scaled by an

exposure-dependent constant η:

P (x, y, t) = η T

(
Z(t)

−µs
x−X(t),

Z(t)

−µs
y − Y (t)

)
. (1)

It is well known that the ratios of the spatial and

temporal derivatives of this image are independent of

texture, and so can reveal information about the scene.

A familiar formulation [13] provides optical flow (ẋ, ẏ)

from image derivatives:

0 =
[
Px Py

] [ẋ
ẏ

]
+ Pt, (2)

while following [11] to split the translation and magni-

fication terms:

0 =
[
Px Py (xPx + yPy)

]
u + Pt, (3)

u =[u1, u2, u3]T =

[
−Ẋµs

Z
,− Ẏ µs

Z
,− Ż

Z

]T
, (4)

provides texture-independent time to contact and di-

rection of motion (bearing):

Z

Ż
=
−1

u3
, (5)(

Ẋ

Ż
,
Ẏ

Ż

)
=

(
u1
µsu3

,
u2
µsu3

)
. (6)

For focal flow, we replace the pinhole camera with a

finite-aperture camera having an ideal thin lens and an

attenuating filter in the aperture plane. We represent

the spatial transmittance profile of the filter with the

function κ : R2 → [0, 1]. We do not require smoothness,

which allows for pillboxes and binary codes as well as

continuous filters. For a front-parallel world plane at

depth Z, the filter induces a blur kernel k on the image

that is a “stretched” version of the aperture filter:

k(x, y;Z) =
1

σ2(Z)
κ

(
x

σ(Z)
,

y

σ(Z)

)
, (7)
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where the magnification factor σ, illustrated in Figure

1C, is determined by object depth, sensor distance, and

in-focus depth µf via the thin lens model:

σ(Z) =

(
1

Z
− 1

µf

)
µs. (8)

Denoting by ∗ a convolution in x and y, we can write

the blurred image I as

I(x, y, t) =k (x, y;Z(t)) ∗ P (x, y, t). (9)

Unlike the pinhole image P , the ratios of the spa-

tial and temporal derivatives of this defocus-blurred im-

age I depend on texture. This is because the constant

brightness constraint does not hold under defocus: pixel

intensity changes both as image features move and also

as patch contrast is reduced away from the focal plane.

This difference, illustrated in Figure 1, implies that any

finite-aperture system for measuring optical flow will

suffer a systematic error from defocus. Mathematically,

this appears as an additive residual term on the time

derivative, as shown in the following proposition.

Proposition. For an ideal thin lens camera and front-

parallel planar scene, denoting by kx and ky the partial,

distributional derivatives of k,

It =kt ∗ P + k ∗ Pt (10)

=− u1Ix − u2Iy − u3(xIx + yIy)−R, (11)

R =
Ż

Z − µf
(2k + xkx + yky) ∗P. (12)

The time-varying residual image R(x, y, t) changes

with depth, velocity, and camera design. It is trouble-

some because it also depends on the pinhole image P ,

which is not directly measured. Only the blurred im-

age I=k∗P is available. This means that for almost all

aperture filters, there is no way to express R using scene

geometry and image information alone—it is inherently

texture-dependent.

However, we observe that for a very specific aperture

filter, this source of error can actually be transformed

into a usable signal that resolves both depth and 3D

velocity. For this to happen, the image must be pro-

cessed with a particular operation that, in combination

with the filter, allows the decomposition of residual im-

age R into a depth/velocity factor (analogous to u1)

and an accessible measurement (analogous to Ix). To

formally identify such a filter and image operator, we

seek triples (M,κ, v) of shift-invariant linear image op-

erators M , aperture filters κ, and scalar scene factors v

that satisfy, for any front-parallel planar scene,

v(t) M [I](x, y) =R(x, y, t). (13)

We prove in the following theorem that there exists a

unique family of such triples, comprising Gaussian aper-

ture filters and Laplacian image measurements. This

leads directly to a simple sensor and algorithm that we

prototype and evaluate in Section 4.

Theorem. Let k be induced by some κ : R2 → [0, 1]

with κ(x, y), xκ(x, y), and yκ(x, y) Lebesgue integrable

and κ not identically zero. For v ∈ R and translation-

invariant linear spatial operator M with finite support,

v M [k ∗ P ] = R(k, P ) (14)

for all compactly supported P , if and only if there are

constants a ∈ R+, b, Σ ∈ {R− 0} and a real symmetric

positive definite matrix � such that

κ = a e
� xTΣx

4�2jΣj , (15)

M = b ∇2
� = b ∂Tx�

�1∂x. (16)

This theorem states that, when the filter κ is a Gaus-

sian with covariance matrix �, the residual R is pro-

portional to the image Laplacian of inverse covariance,

M [I] ∝ ∇2
�I = ��111 Ixx + 2��112 Ixy +��122 Iyy, which is

directly observable from image information. Moreover,

the Gaussian is the only aperture filter—out of a broad

class of possibilities including pillboxes, binary codes,

and smooth functions—that permits exact observation

by a depth-blind, translation-invariant linear operator.

Combining the proposition and theorem leads im-

mediately to a per-pixel linear constraint, analogous to

those used in measuring optical flow or time to contact.

Corollary (Focal Flow Constraint). For a camera

with Gaussian point spread functions observing a front-

parallel planar scene, the following constraint holds at

each image pixel:

0 =
[
Ix Iy (xIx + yIy) ∇2

�I
]
v + It,

v =[u1, u2, u3, v]T

=−

[
Ẋµs
Z

,
Ẏ µs
Z

,
Ż

Z
,
Ż

Z

(
1− µf

Z

)(Σµs
µf

)2

2|�|

]T
.

(17)

Note that the boxed equation in the introduction is

one member of this family of possible constraints, cor-

responding to the case where � is the identity matrix

and the point spread functions of the camera are radi-

ally symmetric. For a calibrated camera, holding this

constraint over a generic image patch yields a system

of linear equations that can be solved for v. In the pres-

ence of axial motion (Ż 6= 0) the new scalar factor v
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provides enough additional information to directly re-
cover complete depth and velocity:

Z =
(2j� j� 2� 2

s � f ) u3

(2j� j� 2� 2
s) u3 � (� 2

f ) v
; (18)

( _X; _Y ; _Z ) = � (Zu1=� s; Zu2=� s; Zu3) ; (19)

where components ofv are measured from the image
and all other parameters are known from camera cali-
bration. Note that the corollary drops the assumption of
a compactly-supported texture (see appendix A for de-
tails): the constraint holds exactly for any front-parallel
textured plane.

This implies a simple patch-wise algorithm for mea-
suring depth and velocity, about which we make a few
notes. When an image patch is degenerate, meaning
that the matrix having a row [ I x ; I y ; xI x + yI y ; r 2

� I ] for
each of the patch's pixels is not full rank, partial scene
information can often still be obtained. For example,
a patch that contains a single-orientation texture and
is subject to the classical aperture problem gives rise
to ambiguities in the lateral velocity ( _X; _Y), but depth
Z and axial velocity _Z can still be determined. Sepa-
rately, in the case of zero axial motion (_Z = 0), there
is no change in defocus and the depth signal is lost.
Speci�cally, u3 = v = 0, and the patch can only pro-
vide optical 
ow. Finally, note that unlike many depth
from defocus methods, the combination of magni�ca-
tion and defocus changes in focal 
ow breaks the side-
of-focal-plane ambiguity.

The following proofs draw heavily on the theory of
distributions, for which we suggest [27] as a reference. A
brief introduction to the relevant terms and properties
can be found in appendix A. Intuition may be gained
from appendix B, which contains alternate derivations
for the focal 
ow constraint under the assumption of
Gaussian blur.

2.1 Proofs

Proof (Proposition) We can rewrite the �rst term in
equation (10) using the di�erential optical 
ow con-
straint, which expressesPt in terms of spatial deriva-
tives Px and Py :

k � Pt = k �

0

@�
�
Px Py (xPx + yPy )

�
2

4
u1

u2

u3

3

5

1

A : (20)

The magni�cation term xPx + yPy introduces a compli-
cation, because the image coordinatesx and y cannot
be pulled out of the convolution without introducing
additional terms:

k � xPx = x(k � Px ) � (xk � Px ): (21)

Spatial derivatives can be applied to either term in a
spatial convolution, so this new term takes the form

xk � Px =( k + xkx ) � P; (22)

and equation (20) can be rewritten in terms of image
measurements with leftoverP terms:

k � Pt = �
�
I x I y (xI x + yI y )

�
2

4
u1

u2

u3

3

5

+ u3(2k + xkx + yky ) � P:

(23)

The second term in equation (10) takes a similar form:

kt � P = k� _� � P (24)

= �
1
�

(2k + yky + xkx ) _� � P; (25)

and noting that u3 � _�
� = � _Z

Z � � f
completes the proof.

ut

We now make several claims that will be used to
prove the theorem. We begin by noting that the opera-
tor M [I ] can be expressed as a convolutionm � I with
some compactly-supportedm. While the correct terms
for M and m are an operator and a �lter, respectively,
we will refer to m as an \operation" rather than a \�l-
ter" to emphasize that it is a computational object and
to distinguish it from the physical, light-blocking �lter
� at the camera's aperture.

Claim 1. The blur kernel k and post-processing opera-
tion m are related in the frequency domain bŷk(r̂; �̂ ) =

f (�̂ )e� w
R r̂

0
m̂ ( s; �̂ )

s ds for w(� ) = Z � � f
_Z

v and some angu-

lar function f (�̂ ).

Proof The Fourier transform takes the convolution

v m � k � P = R (26)

to a multiplication

v m̂ k̂ P̂ = R̂; (27)

with hats indicating the Fourier transforms of the origi-
nal distributions, expressed in polar coordinates (^r; �̂ ) =

(
q

! 2
x + ! 2

y ; tan � 1(! x ; ! y )). See appendix A for details

on this use of the convolution theorem.
The Fourier transform of the residual takes the form

R̂ = F

"
_Z

Z � � f
(2k + xkx + yky ) � P

#

(28)

=
_Z

Z � � f
F [(2k + xkx + yky )] P̂ ; (29)
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where

F [(2k + xkx + yky )] =2 k̂ + i@! x (i! x k̂) + i@! y (i! y k̂)
(30)

= � ! x k̂! x � ! y k̂! y (31)

= � r̂ k̂r̂ (32)

so we can rewrite equation (27) as

v m̂ k̂ P̂ = �
_Z

Z � � f
r̂ k̂r̂ P̂ : (33)

We require this to hold for all underlying scene tex-
tures by dropping the P̂ term from either side. This
leaves a simple partial di�erential equation on k̂. Com-
pactness ofm guarantees that m̂ is smooth, and inte-
grability of k, xk , and yk guarantee that k̂, k̂! x , and
k̂! y are continuous, so we solve this equation using in-
tegrating factors. ut

Claim 2. The Fourier transform of the post-processing
operation, m̂, takes the form g(�̂ )r̂ n for some n 2 C
and angular function g(�̂ ).

Proof Recall that the post-processing operation is re-
quired to be depth-blind, so m̂ cannot be a function
of the depth-scaling factor � . However, we require that
equation (14) holds for the entire family of possible blur
kernels k, which are depth-scaled versions of the phys-
ical aperture �lter � according to equation (7). In the
frequency domain this depth scaling takes the form

k̂(r̂; �̂ ) = �̂ (� r̂; �̂ ): (34)

This means that we can introduce the functions

� (� r̂; �̂ ) = ln

 
�̂ (� r̂; �̂ )

f (�̂ )

!

; (35)

� (� ) = � w(� ); (36)


 (r̂; �̂ ) =

r̂Z

0

m̂(s; �̂ )
s

ds; (37)

and rewrite a slightly rearranged form of claim 1 as

� (� r̂; �̂ ) = � (� )
 (r̂; �̂ ): (38)

Considering what happens when ^r = 1, we see that

� (�; �̂ ) = � (� )
 (1; �̂ ); (39)

so � is separable in�̂ . This separability can be seen in
the general-r̂ case by replacing� with � r̂ for an alter-
nate expression for� :

� (� r̂; �̂ ) = � (� r̂ )
 (1; �̂ ): (40)

Taking the r̂ derivative of equations (38) and (40) and
noting that they must be equal, we have

d
dr̂

�
� (� )
 (r̂; �̂ )

�
= � (� )
 (1 ;0) (r̂; �̂ ) (41)

=
d
dr̂

�
� (� r̂ )
 (1; �̂ )

�
= �� 0(� r̂ )
 (1; �̂ ); (42)

so that again considering the ^r = 1 case, we �nd that

� (� ) =

 (1; �̂ )


 (1 ;0) (1; �̂ )
�� 0(� ): (43)

This is a separable ordinary di�erential equation that
has the solution

� (� ) = c�

 (1 ; 0) (1 ; �̂ )


 (1 ; �̂ ) (44)

for some constantc. Because� (� ) cannot change with
�̂ , the exponent must also be a constant, which we call
n. These forms of � and n allow equation (42) to be
rewritten


 (1 ;0) (r̂; �̂ ) =
�� 0(� r̂ )

� (� )

 (1; �̂ ) (45)

= nr̂ n � 1
 (1; �̂ ) (46)

= r̂ n � 1
 (1 ;0) (1; �̂ ): (47)

This derivative in 
 simply removes the integral in equa-
tion (37), so that we can rewrite the equation above as

m(r̂; �̂ )
r̂

= r̂ n � 1 m(1; �̂ )
1

: (48)

Introducing g(�̂ ) = m̂(1; �̂ ) completes the proof of the
claim. ut

Claim 3. The operation exponentn must be a positive
integer.

Proof The proof of this claim relies on concepts from
complex analysis that are introduced in appendix A.

According to Schwartz's Paley-Weiner theorem, the
Fourier transform of a compactly supported distribu-
tion has continuous derivatives of all orders at every
point. The origin is a location of particular interest,
because almost all choices ofg and n will lead to a
discontinuity there.

First note that g(�̂ ) cannot vanish everywhere. In
this case, the aperture �lter implied by claim 1 would
be a Dirac delta pinhole. This corresponds to the no-
residual optical 
ow case, which cannot reveal depth,
and violates the integrability requirement on � .

If < (n) is negative, then r̂ n will go to complex in-
�nity at the origin, and if n is not an integer or has
an imaginary part, repeated application of the power
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rule shows that some derivative ofm̂ will have an ex-
ponent n0 with < (n0) < 0 and the same discontinuity.
Speci�cally, the j th -order derivative in r̂ of m̂ is

dj m̂
dr̂ j =

(
0; n 2 Z+ ; j > n or n = 0 ;

g(�̂ ) n !
(n � j )! r̂ n � j ; else:

(49)

As r̂ approaches zero, this derivative approaches com-
plex in�nity for < (n � j ) < 0 (unless n is a positive
integer or zero), has an essential singularity whenn � j
is imaginary, and otherwise goes to zero. So, there is a
discontinuity in some order derivative in r̂ at the origin
unlessn is a nonnegative integer. Strictly speaking, it
is discontinuities in the derivatives in ! x and ! y that
are forbidden, but these follow directly, e.g. by Fa�a di
Bruno's formula. Thus, n must be a nonnegative inte-
ger.

When n = 0, m̂ = g(�̂ ) must take a constant valueg
to avoid a discontinuity at the origin. Note that k̂ under
unit depth scaling (� = 1) is exactly �̂ , and consider the
corresponding �lter implied by claim 1:

�̂ = f (�̂ )e� w (1) g ln( r̂ ) = f (�̂ )r̂ � w (1) g: (50)

Because� is integrable, the Riemann-Lebesgue lemma
states that �̂ must vanish as r̂ approaches in�nity, so
< (w(1)g) must be positive. However, this implies an
in�nite discontinuity at the origin which also violates
integrability assumptions: integrability of � implies uni-
form continuity of �̂ . Thus, n 6= 0. ut

Claim 4. m̂ is a homogeneous polynomial of degreen.

Proof Combining the previous claims, we have that for
some positive integern,

�̂ (r̂; �̂ ) = f (�̂ ) e� w (1) g( �̂ ) r̂ n
: (51)

By the Riemann-Lebesgue lemma, integrability of� im-
plies �̂ vanishes at in�nity, which requires < (w(1)g(�̂ )) >
0 for �̂ 2 [� �; � ]. Then, g(�̂ ) 6= 0 on [� �; � ] and in both
! x and ! y , m̂ has a pole at (complex) in�nity.

Schwartz's Paley-Wiener theorem states that the
Fourier transform of a compactly supported distribu-
tion can be extended to an entire function, i.e. one that
is complex di�erentiable everywhere in C2. Proofs of
the previous claims have used the smoothness of ^m that
this theorem implies over real values of! x and ! y , but
this is a much more restrictive condition; the function
< (z), for example, is nowhere complex di�erentiable. In
fact, the only entire functions with a pole at in�nity are
polynomials. See appendix A for details. Because ^m is
degreen along any radial slice, it must also be homo-
geneous. ut

Claim 5. f (�̂ ) = a0 2 R+ and n = 2 .

Proof Combining the previous claims, we have that for
some positive integern, and constantsc0; :::; cn 2 R

�̂ (r̂; �̂ ) = f (�̂ ) e
� w (1)

P

j
cj ! j

x ! n � j
y

: (52)

Integrability of � implies that �̂ is uniformly contin-
uous, sof (�̂ ) must be a constant a0 to avoid a discon-
tinuity in �̂ at the origin, where the exponential term
goes to one. It must be real by the conjugate symmetry
of �̂ induced by reality of � , and it cannot be negative
or zero without causing � to be so as well.

The Riemann-Lebesgue lemma implies thatn is even,
because ^� must vanish as each! approaches either posi-
tive or negative in�nity while the sign of each cj is �xed.
For n even,

g(�̂ ) =
X

j

cj cosj (�̂ ) sinn � j (�̂ )

=
X

j

cj (� 1)j cosj (�̂ + � )( � 1)n � j sinn � j (�̂ + � )

= g(�̂ + � )
(53)

Next see that for n � 3, �̂ along any �xed-�̂ radial
slice is not a positive de�nite function, because with

C(n) =
X X

zi zj a0e� w (1) g( �̂ ) j r i � r j jn
; (54)

z = [1 ; � 2; 1] ; (55)

r =

"

� n

s
:1

w(1)g(�̂ )
; 0; n

s
:1

w(1)g(�̂ )

#

; (56)

we have

C(n) =6 � 8e� :1 + 2e� ( :1)(2 n ) ; (57)

and both C(3) and dC
dn are negative. The Fourier slice

theorem [2,21] states that each of these angular slices is
the one-dimensional Fourier transform of the projection
of � along the same angle in the spatial domain:

�̂ (r̂; � 0) = F1D

� Z
� (r cos� 0 + z sin � 0; r sin � 0 � z cos� 0)dz

�
:

(58)

However, Bochner's theorem states that the Fourier
transform of a nonnegative integrable function must be
positive de�nite. So for n � 3, all projections of � , and
therefore the �lters � themselves, fail to meet our re-
quirement of nonnegativity and integrability. ut
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Proof (Theorem) Combining the previous claims we see
that

m̂ = c2! 2
x + c1! x ! y + c0! 2

y (59)

�̂ = a0e� w (1)( c2 ! 2
x + c1 ! x ! y + c0 ! 2

y ) : (60)

Integrability of � requires that w(1) > 0 andc2
1 < 4c0c2,

so that for

� 2 = w(1); (61)

� =
�

c0 � c1=2
� c1=2 c2

�
; (62)

a =
a0

2�
p

j� j
; (63)

the inverse Fourier transforms and basic manipulation
prove the theorem. ut

3 Inherent Sensitivity

Due to the loss of image contrast as an object moves
away from the focal plane, we expect the focal 
ow
depth signal to be strongest for scene patches that are in
focus or nearly in focus. This is similar to the expected
performance of stereo or depth from defocus, for which
depth accuracy degrades at large distances. In those
cases, accuracy is enhanced by increasing the baseline
or aperture size. In focal 
ow, focal settings play the
analogous role.

Following Schechner and Kiryati in [28], we can de-
scribe the inherent sensitivity of all three depth cues.
Recall that for a stereo system with baselineb and an
inference algorithm that estimates disparity �x , depth
is measured as

Z =
b� s

�x
; (64)

with �rst-order sensitivity to the disparity estimate
�
�
�
�

dZ
d(�x )

�
�
�
� =

�
�
�
�

b� s

� (�x )2

�
�
�
� =

Z 2

b� s
: (65)

Similarly, for a depth from defocus sensor with aperture
radius A and an algorithm that estimates blur radius
~A, the sensitivity of depth to error in ~A is

Z =
� f � sA

� f ~A + � sA
; (66)

�
�
�
�
dZ

d ~A

�
�
�
� =

�
�
�
�
�

� � 2
f � sA

(� f ~A + � sA)2

�
�
�
�
�

=
Z 2

A� s
: (67)

These equations show a fundamental similarity between
stereo and depth from defocus, in which the baseline
and aperture size are analogous.

For a toy model of focal 
ow, we consider images
of a sinusoidal texture blurred by a normalized and
radially-symmetric Gaussian. Note that for a circular
lens, a radially-symmetric �lter will provide the best
performance because it will have the highest light e�-
ciency. We assume the texture has frequency! 0, unit
amplitude, and arbitrary phase and orientation. The
image captured at time t has frequency! and ampli-
tude B , which are determined by depth (see appendix
B.2 for additional detail):

! (t) = Z! 0=� s; (68)

B (t) =
x e� x 2

4 � 2 � 2

4�� 2� 2 cos(! (t)x)dxdy = e
� � 2 ! 2

0

� Z � � f
� f

� 2

:

(69)

Depth can be measured from image amplitude, frequency,
and their derivatives:

Z =
� f

1 +
�

� f

� s �

� 2 _B
2B! _!

: (70)

When image quantities (!; _!; B; _B ) are measured within
error bounds (� ! ; � _! ; � B ; � _B ), a simple propagation of
uncertainty bounds the depth error � Z :

� Z �

s �
@Z
@!

� 2

� 2
! +

�
@Z
@_!

� 2

� 2
_! +

�
@Z
@B

� 2

� B +
�

@Z
@B1

� 2

� 2
_B

(71)

=
Z jZ � � f j

� f

s
� 2

!

! 2 +
� 2

_!

_! 2 +
� 2

B

B 2 +
� 2

_B
_B 2

: (72)

The sum of error terms in the radicand describes the rel-
ative usefulness of improving accuracy in either bright-
ness or spatial frequency measurements for a given scene.
It could guide the design or selection of an optimized
photosensor, e.g. [38], because when combined with an
appropriate statistical model of the scenes to be imaged,
it quanti�es the trade-o� between bit depth, which places
a lower bound on � B and � _B , and spatial resolution,
which likewise bounds� ! and � _! .

Depending on the error model, the radicand in ex-
pression (72) could introduce additional scene depen-
dencies, but in the simplest case, it is constant and fo-
cal 
ow is immediately comparable to stereo and depth
from defocus. Just as the sensitivity of those measure-
ments goes as depth squared, we see that focal 
ow mea-
surements are sensitive to object distance from both the
camera and the focal plane through theZ jZ � � f j term.
The focal 
ow analogue to aperture size or baseline in
this scenario is inverse magni�cation, the ratio of in-
focus depth � f to sensor distance� s.
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4 Prototype and Evaluation of Non-idealities

In theory, when an ideal thin lens camera with an in�nitely-
wide Gaussian aperture �lter observes a single moving,
front-parallel, textured plane, there is a unique solu-
tion v 2 R4 to the system of per-pixel linear focal 
ow
constraints (equation (17)), and this uniquely resolves
the scene depthZ (v) and velocity ( _X; _Y ; _Z )(v) through
equations (18) and (19). In practice, a physical instan-
tiation of a focal 
ow sensor will deviate from the ide-
alized model, and there will only be approximate so-
lutions ~v 2 R4 that can produce errors in depth and
velocity measurements.

We expect two main deviations from the idealized
model. First, thick lenses have optical aberrations and a
�nite extent, making it impossible to create ideal Gaus-
sian blur kernels that scale exactly with depth. Second,
image derivatives must be approximated by �nite dif-
ferences between noisy photosensor values. We assess
the impacts of both of these e�ects using the proto-
type shown in appendix C. Based on 1"-diameter radi-
ally symmetric optics, it includes an f =100mm planar-
convex lens, a monochromatic camera (Grasshopper GS3-
U3-23S6M-C, Point Grey Research), and an adjustable-
length lens tube. The aperture side of the sensor sup-
ports various con�gurations, including an adjustable
aperture diaphragm and the optional inclusion of a Gaus-
sian apodizing �lter (NDYR20B, Thorlabs) adjacent to
the planar face of the lens. A complete list of parts can
be found in �gure 6 in appendix C. Because the optics
are radially symmetric, � is assumed proportional to
the identity matrix and the blur kernels can be param-
eterized by the scalar� .

To accommodate these non-idealities, we formulate
the patch-based computation of depth and velocity as a
feed-forward sequence of computations that operates on
all pixels in parallel. Each step in the computational se-
quence is di�erentiable, so all of the tunable parameters
can be optimized by capturing images of textured tar-
gets whose depth is known, and then back-propagating
the depth errors to update the parameters by gradient
descent. We use this to calibrate the values of the two
optical parameters in Section 4.2, and then we extend
it to simultaneously optimize the coe�cients of the dis-
crete derivative operators in Section 4.5.

4.1 Feed-forward, patch-wise computation

For all results, we produce depth and velocity mea-
surements using the simple sequence of computations
that follows directly from the modeling of Section 2.
The input is three ordered frames from a temporal se-
quence, I (x; y; t i ); i 2 f 1; 2; 3g, and the computation

has four steps: (i) approximate spatial and temporal
derivatives using discrete kernels,I x = D x � I , I y =
D y � I , I t = D t � I , and (I xx + I yy ) = D r 2 � I ; (ii) aggre-
gate the per-pixel linear constraints (Equation (14)) us-
ing sliding window to create per-pixel matrix equations
Av = b; (iii) assemble and invert the corresponding
normal equations AT Av = AT b at all pixels; and (iv)
compute per-pixel depth and 3D velocity using Equa-
tions (18, 19).

A reference Matlab implementation that computes
depth and velocity at all pixels in parallel is available
on the project website.1 Note that the measurement
process requires knowing the image sensor's principal
point (the origin of the coordinate system for x and y
in equation (17)), and we align this to the center of the
sensor during assembly. The remaining tunable param-
eters of the computational sequence include the coef-
�cients of the derivative �lters f D x ; D y ; D t ; D r 2 g, the
spatial windowing �lter, and the two optical parame-
ters shown in Figure 2: sensor distance� s and aperture
width � . (The object focal distance � f is determined
by the lens' known focal length, f = 100mm.)

4.2 Depth-based calibration of optical parameters

We begin by setting the derivative and windowing ker-
nels manually and optimizing the optical parameters.
We use temporal kernelI t (x; y) � 1=2 (I (x; y; t 3) � I (x; y; t 1)),
and spatial kernels D x = ( � 1=2; 0; 1=2), D xx = D x �
D x (likewise in y) convolved with the middle frame
I (x; y; t 2). These spatial derivatives are sensitive to noise,
so we emulate a lower-noise sensor by creating each in-
put frame as the average of ten shots from the cam-
era unless otherwise noted. We also �nd that numerical
stability is improved by pre-normalizing the spatial co-
ordinates x  x=c; y  y=c for some constant c (we
usec = 104). This pre-normalization and the use of �-
nite di�erences lead to depth and velocity values that,
if computed naively with equations (18) and (19), are
scaled by an unknown constant, but this is naturally ac-
counted for by the depth-based calibration we describe
here.

To acquire calibration data, we mount a textured
plane on a high-precision translation stage and laser
align it to be normal to the sensor's optical axis. We
collect images of this texture at known locationsZ i and
with unknown sensor locations� j

s. We densely sample
texture locations Z i , so that the most in-focus image
reveals lens tube length�� j

s, determining sensor loca-
tions � j

s up to a shared constant� 0
s .

1 http://vision.seas.harvard.edu/focal
ow/
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Fig. 2 Calibration Parameters. Depth planes and parameters used to calibrate prototype sensor, see section 4.2.

We run the feed-forward computation on every triple
of frames in the calibration dataset, producing a sin-
gle scalar estimateZest from each triple by aggregating
constraints over a single large (201� 201) window in the
center of the frame. We optimize the optical parameters
� and � s by gradient descent using a loss based on the
RMS depth error,

�; � 0
s = arg min

�;� 0
s

X

i;j

� (Zest (I ij ; �; � 0
s + �� j

s) � Z i );

(73)

where � (x) = f x2 if jxj � 1; and 1 otherwiseg is a ro-
bust functional that reduces the e�ect of outliers. Fig-
ure 3 shows a typical cost surface for this objective.
Experimentally, we observe convergence to a good ex-
tremum for a wide range of initializations.

Note that this calibration must be repeated when
the aperture is recon�gured, such as when inserting
an apodizing �lter or adjusting the diaphragm. When
the e�ective blur kernels change, so does the optimal
e�ective width � . But for a �xed aperture, we �nd
that the sensor distance � s can be adjusted without
re-calibrating � .

While developing this calibration procedure, we tried
alternatives that led to inferior results. In particular, we
tried calibrating the sensor distance � s using conven-
tional methods, and then measuring the point spread
functions k(x; y; Z i ) for depths Z i (e.g., right of Fig-
ure 4) and �tting parameter � according to the Gaus-

sian thin lens model: � (r ) = e� r 2 = 4 � 2 � ( Z i ) 2

� (Z i )2 . This ap-
proach is less e�ective, especially when the point spread
functions deviate substantially from Gaussians, because
it optimizes a �t to the points spread functions instead
of depth accuracy, which is what we care about most.
Also, unlike optimizing with respect to depth, it does
not allow for the simultaneous optimization of both
optical parameters and derivative kernels, which is ex-
plored in Section 4.5.

4.3 Results

Figures 4 and 5 show performance for di�erent aper-
tures and noise levels. Accuracy is determined using a
textured front-parallel plane whose ground truth posi-
tion and velocity are precisely controlled by a trans-
lation stage. In each case, the measurement algorithm
is applied to a 201� 201 window around the center
of the 960� 600 image. The top and middle rows of
Figure 4 compare the measured depthZ and speed
k( _X; _Y ; _Z )k to ground truth, indicated by solid black
lines. Speed is measured in units of millimeter per video
frame (mm/frame). Di�erent colors in these plots rep-
resent experiments with di�erent in-focus distances� f ,
corresponding to di�erent lengths of the adjustable lens
tube. We show measurements taken both with an apodiz-
ing �lter (and open diaphragm) and without it (with di-
aphragm closed to about� 4:5mm). In both cases, the
inset point spread functions reveal a deviation from the
Gaussian ideal, but the approximate solutions to the
linear constraint equations still provide useful depth in-

Fig. 3 A typical calibration cost surface. The surface of
energy function (equation (73)) has an optimal value (red
circle) over a wide range of feasible region, which ensures the
convergence of the optimization in the calibration process.
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Fig. 4 Accuracy and working range. Top and middle rows : Estimated depth and speed versus true depth for two aperture
settings: open � 4:5 diaphragm ( top ) and apodizing �lter ( middle ). Solid black lines are true depth and speed. Insets are sample
image and PSF. Colors are separate trials with di�erent focal distances � f , marked by dashed vertical lines. Depth interval for
which depth error is less than 1% of � f de�nes the working range. Bottom left : Sample PSFs, and working range versus focal
distance, for aperture settings: (I) diaphragm � 4:5mm, no �lter; (II) diaphragm open, with �lter; (III) diaphragm � 8:5mm,
no �lter; (IV) diaphragm � 25:4mm, no �lter. We observe that larger apertures correspond to smaller working ranges. Bottom
right : Working range for distinct noise levels, controlled by number of averaged shots.

Fig. 5 Velocity. Measured depth, speed, and 3D direction ( _X; _Y ; _Z )=k( _X; _Y ; _Z )k versus true depth, with markers colored by
true depth. Directions shown by orthographic projection to XY -plane, where the view direction is the origin. Ground truth
is black lines for depth and speed, and white squares for direction. (Two ground truth directions result from remounting a
translation stage to gain su�cient travel.)


